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AIM Study Lustig's 1976 paper:-

"Coxeter orbits and eigenspaces of Frobenius"

for GL3CIG) (& GLuCIEa)).

Some references:

(mp.1) Deligue-Lusztig's 1976 paper

Bonnafe, Carter, Digne-Michel,
Geck-Malle, Srinivasan's books.

Lustig's slim white book (1977)

Kabom) Milue's lectures/book on etale cohomology.

Freitag-Kicht's & Tamme's books.

SGA4I.



② Abrief recall (05 DL) 2

⑫ - connected reductive group/ig.
-

G =

=4 *s

/absolute Frob Frs: Kr -> Qu

Low 0(G):f 1-f9).

(generator ofGal(IG).8:Eg s ia.
1). F: =FabsXIdiz:G -G.

IgesmFrob, bijective, notautomor.)

2). Ide x:G -> G.

Carithmetic Frob, automorphism of

sch/g.)

This week, by Frobenius, we mean F.

Def-L:G +G;g1 g!. F(g)



B - F-stable Borel of G. B.

U= =RulB>

↑ - F-stable maximal torus =B.

n. =NalT)/T > BG/B

Det.Rin:=25". H (LU), er,
i ↓

0 t Irr(TWE) we NaCT)* eX9.

↓ 5

WF:t1 wFt

Ihm..) Deligne -Lustig):
1. Every irrep ofG appears (up to 12)

in Ruin for some (0,w,U).

2. RWin is independentofU, and

fow w it depends onlyon the image
in W.

3. If O is in general position,
O

Run is (up to 11) irreducible.



(This week:0 = 1, R =GL2, 6hs. C
4

③ Reformulation for 0 = 1. (Carter Chp.2.2)

L(WU) is a vector bundle over

a TWF-cover of L(BwB)/B.

Il Spectr sey,

W

Rin =(-1"H. (Liis, Fe
X.

the subvariety =G/B consisting of
Xw
-
=

Borels B'st. (B, FBSmen,wis).

↓
relative position atw



⑭Type Acase ↳5

R =GLn.

! Borels3of G (i) completefeee
Ruk F:Vi, EV,two complete flags.
-

~ 1/

Then in relative position w:

dim Vi V;' =(21...;3[w ...wij) Fi

Example,
n=2,w = (12):E =V,2V2 cXw

↓
dim V, 1FV,

=0

> Xm =P'LIP'CIE).

(xyexYy-1 =0 is aMats - cover of Xw)



E.

fcons.
6

dimveFV
revet-

dim V, lFVz = I

↓in vener
=

11
V =VAFV, AFV, ......(A)

#
~is noton any F-stable plane.
=>Xn =42) F-stablelines

For general n, w = (12 3...n):

Xw =PuLF-stable
hyperplanes

↓

Eropton.For 62m,w=Cl...n). Xw is an

irr smooth variety of dim=n-1.



For general with w=Ll ... n), (A) ↳?

holds as well, so:

x=((x, -.x) = pr
-1/det(**E ...)

=(ex.x) =xn-ydet(=-)}
(principal open)

↓

trop.Fr 62m,wiss...n). Xw is affine.

trop.For Chu, w=(....n), xE =b,i =1...n

*

purpose:Compute Hi(Xw,e)
for 61, w =( 1 3), as modules

25 GL>(q) x <EC,for each

single i



⑤"Elementary"tradic cohomology 18

X - a variety/Inne

↓

For us:reduced quasi-prij sch/a field.

1 - a prime Fp=char (FG).

Two classes of shemes:

1. En :=lem", thatheat on X.

(m(2,0)
=
S

This means that:

i. (U)

=u -x"mx Em(n):=(x/er)etale

Crestriction maps are diagonalidentinyouresC
2. X asan open

immersion with dense image,
A

X - a proj, variety.

&exists as our X is g-prey, so no need I& Nagate



j.En - extension by zero sheaf on 4.4

Al
I
U -e *

1/

B
i. (U)

j!Em(U) ==" I (/ew), p(U)
=> j(X).

↓ o, otherwise

taking shantificate.

Ethy:

26 =EUnetaeX, unienatimages =X (==1.

CD2, En) =I En (Hi** Vie)
..... Er EIr+



CY2.E.) As C*(2,F)
4

Pirinbineqrt(sisign securit↓ r+2

N

amitting j. inirel

H(X,Re)

Him (In Kardade.)E
↓

lim wot refinements

calcn =3

HI(X, Re) =="replace (X, En) by (*, jeEm).
in
above

(independentof j!)

Ca simple exercise:try compute to from)abne dey...

Rak:why startfrom tersion sh, notjust
Re? Look atFK-15 for an example.



T H

① Tools for computing cohomology.
1. X - a varietyEg, with a Frob FXEg.

↓

H(X, Re) - finite dimensional spaces/Re
Die)(=0 unless reto, 2.dimX])

In general, itmakes no sense
to talk aboutf* in this2.x - a varietyin minerf

X -- x*univ. homes, mer
-

↓ I
f*HY(X,Re)- H(X,Ee)linear

Heristically: -

permuting
the

components

(Si....r) Ir+ 1-> (**(S:....(r)It
H

:In(Hi.Ur ↑En LYU.Wir
is... in Ir+

=C(U,Ful =c(2, En)

(similar construction holds for HE.)



3. RH over Fg:(Delique Weil II) I

a - an eigenvalue of F* on HI(X, Re).
=>CE, and 7 j t XE,r] S.t.

(r(x)=gYk vr- Gal(I/a).

If X is smooth & proj, then I = r

4. Grothendieck- Lefschetz truce formula:

#X(I) =z(-1)"Tr (F*, HI(X,Re)).
(see SGA-4E (Rapports.). (

5. Vanishing for affine:

It X is affine and ofpure dim=d, then

Ho(X,Re) =0 F rkId, zd].



6. Betti numbers (comparison thm) 23

Y- smooth projective scheme/2.
Then:

dimpeH" (YE,Ee) =The ith Betti B:

of Y (C).

7. Top cohomology spaces
X-smooth come warof dim= d/#q
f: x=X/Es
F:a gem Frob on X over Fg.

Then: (a). f*=Id on HY (X, e)
(b)F* H,d (X,e) by ".g?"

Rk. In general, X- a variety ofpure dim =d, then.
-

arrIX); Irr(X)=#irr cmponents.H?"(X, e) =de

I Any 1:x= Xacts on Hid as a permutation permutting

W
the in components. (Promen-ratpt.-7.5.21).

Exercise:What aboutHi(X)?



↳
8.Poincave duality
X-smooth connected variety/Fr (*b)
(dim=d.)

=>Ia non-degenerate pairing of recsp/e

Hi(X,Re)xH2x,Re) --De

Rak:1. Here we ignored the Tate -twistsymbol
2. (F*a, F*) =q!.(a,b)

3. If f.x=X, (f*a()=(a,b).
Ref:Milne bK-1.6 or ↓C milmalate 24ucacts) implies the two wep.S

inthe pair are dual

9. Long exactsequence

(X-a general)z =X a closed subvariety
↓ variety

smooth compactification while
U = =xZ. i
=>LES: (milue - 120)



↳
?? H(n,) =>HIX,e) ->H,Yz,r
->H.*(n,e) -...

comes from SES:o-j: Fm -> Fm -> Em-> sC Chere j: U==X;2:zX). C
Ank:1:X-Xa uni homes mor, preserving U.

=>o*acts on the LES.

reasoning:applying &* to the SESC C<P*is exact), then use the proper base
chang thm.

10. Katz-Messing integrality In our setting, this

yakann de malacifX- smooth proj war.Fa by a homotopy

8:X =X property.

I.Tr (**, HCX,Re)) e I, and
it is independentof 1*p.

(Katz-Messing - 1974:ansparents
sett S



We assume basic knowledge of ↳② ExampleFg? ( CDL characters as in Digne-Michel.

Lama: X-coun smooth pros curve/Eg, genus
9, then:

I
We i=0

Hi(X,Qe) =Be. i =1

De i =2

0 i =3.

pf- study the Kummer exactseq.:

But only need this for IP'; so can be replaced by Betti)

X=P'((Fa) E U)

↓LES

...
->HY(Xw,e) =HYC4',e) ->H(P'CIn),e)

-> H2*(Xw,Re) -...

=>Hi(Xw,e) =HYCI! e) XrIz

and an exactseq.:



c-Hi(Xr) ->HCl -> H'CP'CIFa))
-> H!(Xw) -> H'<P' -o

r=y↓HY(Xu) = r=1

S E
0 r =3.

W

Question'HE(Xw) as representations of GL2?

Lemma For w = (12):
-

(DL)
(1). (Rwn, Rn7 =2

(2).And, Ind,1) =2

(3). LInd7, Rwn) =

0

(1) =>[Hi-H, H-H! =2 for SL2.



I
=>Two cases :H? =P

DV SE H =PtztHi=Ha =P
I P: irrep, P:FPj, it;)

&01 = trivial rep by top show (

Moreover:

6F
(2) => IndiF1 =1+P

=1+St

Is The Steinbery char
So: ofGL2Cyb.

(3) =H5 =0 =St.

↓
the 1-dim

r =2
trivial rep. I

Ihm.For 612, Hi(Xr) = E theSteinberg, r=I



I
stion?How does F er HI(Xr,De)?

Step1:F-action & GLaCIG) - action commutes,

=>H2, H'sare eigenspaces of F.

Step-2:First:#X*" =9" -9, i=1,2..
Cas Xm ='P'CE,).

↓ctrace famlal

#X=22.1 -xi.g, i =1.2...
↓

(X:the eigenval- ofF*. H".)

N

g -g =x.= - x".9,i=1.2...

... ?E



So for GL2, Lusty's then is proved:

Ihm.If L. is the Coxeter number, then

F* is an s.S. auto on &Hi(Xw.Re):

Ithas no distincteigenvalues

X., ..., Xu. T
and the eigenspacesI

( multi =1)

are mutally non-isomorphic irreps of

GF. Further, the Xj-space has

dim = 11"x
j'tj

(Holds for coun redgy./iteWith come Dynkin)

Tomorrow:Gh3.



I H

①Frobenius action

G =613, w =(1,2,3),

Xw =IP2)F-stable lines.

Xo affine => onlyHE, HE, He can

be non-zers.

Proposition:E* acts on HI(Xw,Re)
+1,5 =2

by :x9,r =3E 2

x9, r =4.

Pf:By inductively removing Ag-lines from
W

IP, then repeatedly use LES E.

↓
(details should be an old exercise?).



& Rational points E

As Xw is irr, dimH=1.

For other dim me need #Fg-pt.s:
X=b

X=b Y lecture -I

Let d =dim H2, ds =H?

Trace formula
I =d -q.ds +q2

then tells: E o =dr - q:d3 +q4

->
dz =qE d3 =9 +q2

A fun double-check:



Prep.IXE =9:9-g*=9E)
Pf: (X1 =(9 +(9) +I

- "Fg3-pts on
F-stable lines"

An F-stable line is defed by a homogeneous
linear equity is there are is such lines

=>(X=1 =(q3) +(q3 +1 - 21:(9+1)
+ "repeatedly points"

Anks:
1. only Fg-pts are repeatedlycounted,

as #g-lines intersectonly atits - points.

2. Any Fg-pt=IP" lies on a (prej) Fg-line.

3. # P(#2) =I



↳4
4. Each affine line t =AP lies on

#=I affine planes/Ag.

=>"repeated pt" =E! E,-1)

=>(x51 =9 - 95-94+9 Ex

H
OXE, is compatible with trace formula:

94-95- q4q =dz - q.ds#94

Exercise.Compute /XY for general Chu
& i=1.2, . .

. bya combinatorial

method.

(see DL-2.3.)



③ CH, H2= Xitj 5

Akey lemma, for general cure)

z =

=4*1Xw fake the reduced structure)

=>... Hi(Xr) ->HY(PY -HY(z)
-> He(Xw) -> ...

=>0 -H(z) -> Hi(X-) + HCP")

-H(z) ->H?(Xr) +0
...... (*)

I
↳ma:HYP):Be is the trivial rep

of GLs (Iq).

Pf:GL3CIg) @ P2 factors through



E
46L3

/Fg IPY,
I

connected alg gp
=>By the homotopy property

the assertion holds. E

(xL - 6.4)
is

I
GF

Lemma? () H(E) =Ind pF
I =1+Xgt9.

/

p a max. F-stable parabolic

(2) dim H(z) =9.

of: (I):property of top cohomology
↓Bruhatdecomposition

(2):(1) +counting dim along (A) #

(A) +Lemma" -> (Hi(Xw) = Hz)HE(Xw) =xq49



Lemma (Run, Rwn) =3. [
-

GLz(q)
(DL)

=>3 possibilities of Hi(Xw):
1 Stax,

2x +x' +xg*9(Y*)
3.x +2xq"+q

Possible irrep dim of GLs(#9):(Steinberg, 1951)paper

1,9+9,949+1, 9-9-9 +1, 9-1,
9,9(9+9 +1), (9+1) (92+9 +1)

=>Hi(X) = Stax,9>2EH!(X-) =Stax, or X, +x,", 9 =2.

ery India
=>Hi(X-) =stXX, V g. S irrep fratersCthrough det

ercise. Show thatHi(Xw)=HCE) =St.

Chint:study the principal series & use inner prod)



Rank For general GLu, wo Coxeter:
-

H?(Xu) =St, HIE) =Sttt
-

-

I see Dat-Orlik - Rapoport:Period domains ... C
33. 3.9S

(stophere?)

By Comps (t) over (B) local (94) rings (**)

8 - cdur, uniformiser in

#y-res. fi.

D - connectic red p/Spec (P).

A. Study SmothRep (i(0))

I...
-Im"Rey (4(0(a)).
r c Xca



Br= TIH--Bul ofRowfor
1. Greenberg:Gr. Br. Ur. To can

be viewed as

aly 94.3 Wer #y.
2. Iyear

Froh F mm Gr s.t.

G=((o/ar).
I
We

Lay mar: (: 9 !F(g) on Gr.

Cassure:FT:Tw

Site: Rene:= fs:H((m)
a virtual rep to be in(0(a).

chu. CLusity for charse, Stasinskiingenel).
If O is regular enough, then IRFur
is irreducible.



Problem.Further quantitative & qualitate M
properties are notwell-undrstr-d.

<e.g. 11?, die?...)

Ihm (C. - Stasinski, 2023?)
r >& "generic engh":

F

PoREn =11 IndE.Flarger rednet-ker"
where do is animap unighly determined by:

1. Po(KerCTeF-TE). "smmler reducta ker"
=1.

2. Poly="11. St"*1 *U.I
r even:s

add:1

Dak. 1 even ri much ensie:2-17!

2. "I1"are determit for 935.
( qin Iq)


